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Artin L-functions to almost monomial Galois groups
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Abstract
If K/Q is a finite Galois extension with an almost monomial Galois group and
if s0 ∈ C \ {1} is not a common zero for any two Artin L-functions associated to
distinct complex irreducible characters of the Galois group then all Artin L-functions
of K/Q are holomorphic at s0. We present examples and basic properties of almost
monomial groups.
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Introduction
A finite group G is called almost monomial if for every distinct complex irreducible char-
acters χ and ψ of G there exist a subgroup H of G and a linear character ϕ of H such that
the induced character IndGH ϕ contains χ and does not contain ψ. This definition appears
in [4] in connection with the study of the holomorphy of Artin L-functions associated to a
finite Galois extension of Q at a point in the complex plane. Let K/Q be a finite Galois
extension with the Galois group G. Let χ1, . . . , χr be the complex irreducible characters of
G, f1 = L(s, χ1), . . . , fr = L(s, χr) the corresponding Artin L-functions. Let s0 ∈ C \ {1}.
Our main result is Theorem 1.1: if G is almost monomial and s0 is not a common zero for
any two distinct L-functions fk and fl then all Artin L-functions of K/Q are holomorphic
at s0. In the second section of this paper we give examples and prove some basic properties
of almost monomial groups. Every monomial group is almost monomial. The special linear
group SL2(F3) is almost monomial, but the general linear group GL2(F3) is not. The alter-
nating group An is almost monomial for n = 1, 2, 3, 4, 5, 9 and is not for n = 6, 7, 10, 11, 12.
In Theorem 2.1 we prove that the symmetric group is almost monomial for any n ≥ 1. A
subgroup of an almost monomial group is not necessarily almost monomial. In Theorem
2.2 we prove that a factor group of an almost monomial group is almost monomial. A finite
product of finite groups is almost monomial if and only if each of them is almost monomial.
1 The main result
Let K/Q be a finite Galois extension. For the character χ of a representation of the Ga-
lois group G := Gal(K/Q) on a finite dimensional complex vector space let L(s, χ) :=
L(s, χ,K/Q) be the corresponding Artin L-function ([1, P.296]). Artin conjectured that
L(s, χ) is holomorphic in C \ {1}. Brauer proved that L(s, χ) is meromorphic in C. Let
χ1, . . . , χr be the irreducible characters of G, f1 = L(s, χ1), . . . , fr = L(s, χr) the corre-
sponding Artin L-functions,
Ar := {fk1
1
· . . . · fkrr | k1 ≥ 0, . . . , kr ≥ 0}
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the multiplicative semigroup of all L-functions. For s0 ∈ C, s0 6= 1 let Hol(s0) be the
subsemigroup of Ar consisting of the L-functions which are holomorphic at s0. Artin’s
conjecture is:
Hol(s0) = Ar.
In ([4]) it was proved the following
Theorem. If G = Gal(K/Q) is almost monomial, then the following assertions are equiv-
alent:
1) Artin’s conjecture is true: Hol(s0) = Ar.
2) The semigroup Hol(s0) is factorial.
Our main result is
Theorem 1.1. If G is almost monomial and s0 is not a common zero for any two distinct
L-functions fk and fl then all Artin L-functions of K/Q are holomorphic at s0.
Proof. Suppose that s0 is a pole of some L-function fm. The Dedekind zeta function of the
field K has the decomposition
ζK(s) := f
d1
1
· · · f drr ,
where dj = χj(1) for 1 ≤ j ≤ r. Since ζK(s) is holomorphic at s0 there exists k 6= m such
that
fk(s0) = 0.
Since G is almost monomial there exist a subgroup H of G and a linear character λ of H
such that IndGH λ contains χm and does not contain χk. It holds that
L(s, IndGH λ,K/Q) = L(s, λ,K/F )
where F is the fixed field of H . Since λ is a linear character the L-function L(s, λ,K/F )
is a Hecke L-function hence is holomorphic at s0. It follows that L(s, Ind
G
H λ,K/Q) is
holomorphic at s0. Since Ind
G
H λ contains χm the L-function fm is a factor of the L-function
L(s, IndGH λ,K/Q). Since fm has a pole at s0 and L(s, Ind
G
H λ,K/Q) is holomorphic at s0
there exist l 6= m such that fl is a factor of L(s, Ind
G
H λ,K/Q) and
fl(s0) = 0.
Since IndGH λ does not contain χk we have that
k 6= l,
so s0 is a common zero for the distinct L-functions fk and fl, which contradicts the hy-
pothesis.
Corollary 1.2. If G is almost monomial and s0 is a pole for a L-function fm then s0 is a
zero for two distinct L-functions fk and fl.
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2 Almost monomial groups
In this section we present examples and prove some basic properties of almost monomial
groups.
The following function in GAP [2] determines if a group G is almost monomial:
gap> IsAlmostMonomial:=function(g)
> cc:=ConjugacyClassesSubgroups(g);
> i:=Size(Irr(g));
> M:=IdentityMat(i);
> for x in cc do
> y:=Representative(x);
> for z in Irr(y) do
> if z[1]=1 then o:=InducedClassFunction(z,g);
> l:=ConstituentsOfCharacter(o);
> for j in [1..i] do for k in [1..i] do
> if (Irr(g)[j] in l)and not(Irr(g)[k] in l) then M[j][k]:=1; fi;
> od;od;fi;
> od;
> od;
> fals:=0;
> for j in [1..i] do for k in [1..i] do
> if M[j][k]=0 then fals:=1; fi;
> od; od;
> if fals=0 then return(true); else return(false); fi;
> end;;
The following code in GAP searches for groups with small number of elements which are
not almost monomial:
gap> for s in [1..1000] do
> for t in [1..NrSmallGroups(s)] do
> if not(IsAlmostMonomial(SmallGroup(s,t))) then
Print(”Small(”,s,”,”,t,”) is not AM \n”);
> else Print(”Small(”,s,”,”,t,”) is AM \n”);
> fi; od; od;
The computations show that
• The Mathieu groups M11, M12, M22, M23 and M24 are not almost monomial.
• The Higman-Sims group HS is not almost monomial. The Hall-Janko group J2 is
not almost monomial.
• The special linear group SL2(F3) is almost monomial, but the general linear group
GL2(F3) is not. Note that SL2(F3) is also the smallest solvable group which is not
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monomial.
• The groups SL2(F2k) are almost monomial for 1 ≤ k ≤ 5.
• The groups SL2(F5), SL2(F7), SL2(F32), SL2(F11), SL2(F13), SL2(F17), SL2(F19), SL2(F23),
SL2(F52), SL2(F33), SL2(F29), SL2(F31), SL2(F37) are not almost monomial.
• The groups SL3(F2), SL3(F3), SL3(F22), SL3(F5) are not almost monomial.
The following code searches for alternating and symmetric groups which are/are not almost
monomial:
gap> for s in [1..10] do
> if IsAlmostMonomial(AlternatingGroup(s)) then Print(”A”,s,” is AM”);
> else Print(”A”,s,” is not AM”);fi;Print(”\n”);od;
gap> for s in [1..10] do
> if IsAlmostMonomial(SymmetricGroup(s)) then Print(”S”,s,” is AM”);
> else Print(”S”,s,” is not AM”);fi;Print(”\n”);od;
The computation shows that An is almost monomial for n = 1, 2, 3, 4, 5, 9 and is not
for n = 6, 7, 10, 11, 12. The symmetric group Sn is almost monomial for n ≤ 12.
We prove that Sn is almost monomial for any n ≥ 1. For a partition α of n let Sα be the
corresponding Young subgroup ([3, Section 1.3, p. 16]). Let ISα be the trivial character of
Sα: ISα(σ) = 1 for all σ ∈ Sα. Let ASα be the alternating character of Sα: ASα(σ) = sgn σ
for all σ ∈ Sα, where sgn σ is the signature of the permutation σ. Let α
′ be the associated
partition with α in the sense of [3, Section 1.4, p. 22]. By [3, Theorem 2.1.3, p. 35] the
characters IndSnSα ISα and Ind
Sn
S
α′
ASα′ have exactly one irreducible constituent in common,
denoted [α]. By [3, Theorem 2.1.11, p. 37] any irreducible character of Sn is of the form
[α] for a suitable partition α of n.
Theorem 2.1. The group Sn is almost monomial for any n ≥ 1.
Proof. Let χ, ψ be two distinct irreducible characters of Sn. We have that χ = [α] and
ψ = [β], where α, β are two distinct partitions of n. If 〈IndSnSα ISα, [β]〉 = 0 then by choosing
H := Sα and λ := ISα the definition of almost monomiality is satisfied. ( Here and in the
sequel 〈 , 〉 is the usual scalar product of characters.) Assume that 〈IndSnSα ISα, [β]〉 6= 0. It
follows that 〈IndSnS
α′
ASα, [β]〉 = 0, otherwise [α] = [β], a contradiction. Choosing H := Sα′
and λ := ASα′ the definition of almost monomiality is again satisfied.
If H ≤ G is a subgroup and G is almost monomial then H is not necessarily almost
monomial, not even in the case when H is normal. For example if G = S6 and H = A6✂G
then G is almost monomial but H is not almost monomial. A factor group of an almost
monomial group is almost monomial:
Theorem 2.2. Let N ✂ G be a normal subgroup of the finite group G. If G is almost
monomial then G/N is almost monomial.
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Proof. Let χ˜, ψ˜ be two distinct irreducible characters of G/N and let χ, ψ be their corre-
sponding irreducible characters of G. We have that N ⊂ Ker(χ) and N ⊂ Ker(ψ). Since
G is almost monomial there exist a subgroup H 6 G and a linear character λ of H such
that 〈IndGH λ, χ〉 6= 0 and 〈Ind
G
H λ, ψ〉 = 0.
We prove that H ∩N ⊂ Ker(λ). If H ∩N 6⊂ Ker(λ) then the restricted character ResHH∩N λ
is linear and not trivial on H ∩N , so
〈ResHH∩N λ, 1H∩N〉 = 0,
where 1H∩N is the trivial character of H ∩N . Since N ⊂ Ker(χ) it follows that
ResGH∩N χ = χ(1)1H∩N ,
hence
〈ResHH∩N λ,Res
G
H∩N χ〉 = 〈Res
H
H∩N λ, χ(1)1H∩N〉 = χ(1)〈Res
H
H∩N λ, 1H∩N〉 = 0
and, by Frobenius reciprocity,
〈IndHH∩N(Res
H
H∩N λ),Res
G
H χ〉 = 0.
On the other hand
〈IndHH∩N(Res
H
H∩N λ), λ〉 = 〈Res
H
H∩N λ,Res
H
H∩N λ〉 = 1,
hence
〈λ,ResGH χ〉 = 0
and, by Frobenius reciprocity,
〈IndGH λ, χ〉 = 0,
in contradiction with 〈IndGH λ, χ〉 6= 0.
We define the group homomorphism
λ˜ : H/(H ∩N) ∼= HN/N → C∗, λ˜(hN) := λ(h), h ∈ H,
which is a linear character of the subgroup HN/N of G/N . By Frobenius reciprocity
〈Ind
G/N
HN/N λ˜, χ˜〉 = 〈λ˜,Res
G/N
HN/N χ˜〉 =
|H ∩N |
|H|
∑
h¯∈HN/N
λ˜(h¯) · χ˜(h¯) =
=
1
|H|
∑
h∈H
λ(h) · χ(h) = 〈λ,ResGH χ〉 = 〈Ind
G
H λ, χ〉 6= 0.
Similarly
〈Ind
G/N
HN/N λ˜, ψ˜〉 = 〈Ind
G
H λ, ψ〉 = 0,
so G/N is almost monomial.
We state without proof
Theorem 2.3. Let G,G′ be two finite groups. The following assertions are equivalent:
(1) G,G′ are almost monomial.
(2) G×G′ is almost monomial.
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